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Abstract 

We develop a general technique to prove uniqueness of solutions for Fokker- 
Planck equations on infinite dimensional spaces. We illustrate this method by 
implementing it for Fokker-Planck equations in Hilbert spaces with Kolmogorov 
operators with irregular coefficients and both non-degenerate or degenerate second 
order part. 
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1 Introduction 

Fokker-Planck and transport equations with irregular coefficients in finite dimensions 
have been studied intensively in recent years (see e.g. P, [2], [I], [5], [TT], [12], [21], [22], 
[23], [21] and the references therein, and also the fundamental paper [20]). More recently 
transport and Fokker-Planck equations have also been studied in infinite dimensions (see, 
e.g., [3], m and [6], [7], [8], [9] respectively) 
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In this paper we further develop the method from [8] , [9] to prove uniqueness of solu- 
tions of Fokker-Planck equations in infinite dimensions. Our main aim here is to give an 
independent general presentation of the single steps and to implement this method under 
considerably weakened assumptions on the coefficients. Though this method to prove 
uniqueness is more universal and can be applied to more general Kolmogorov operators, 
as e.g. those of nonlocal (i.e. pseudo-differential) type, thus allowing jumps for the corre- 
sponding stochastic dynamics, we here confine ourselves to the case where, at least on a 
heuristic level, there is an underlying stochastic differential equation in the background. 
More precisely our framework is as follows: 

Let H be a separable real Hilbert space with inner product (-,-) and corresponding 
norm | • |. L(H) denotes the set of all bounded linear operators on H with its usual 
norm || • ||, B(H) its Borel a-algebra, Bb{H) the set of all bounded )-measurable 
functions from H to M and V(H) the set of all probability measures on H, more precisely 
on (H,B(H)). 

Consider the following type of non-autonomous stochastic differential equations on H 
and time interval [0, T]: 

dX(t) = (AX(t) + F(t,X(t)))dt + VCdW(t), 

(1.1) 

X(s) = x E H, t> s. 

Here W(t), t > 0, is a cylindrical Wiener process on H defined on a stochastic basis 
(Q, J 7 , (J-"i)i>o, P), C is a symmetric positive operator in L(H), D(F) G £>([0,T] x H), 
F: D(F) C [0,T] x H -> H is a measurable map, and A: D(A) C H -> H is the 
infinitesimal generator of a Co-semigroup e tA , t > 0, in H. 

Without further regularity assumptions on F it is, of course, not at all clear whether 
(11. ip has a solution in the strong or even in the weak sense. If, however, there is a weak 
solution to (11.11) . then it is a well known consequence of Ito's formula that its transition 
probabilities p Sj t(x,dy), x G H, s < t, solve the Fokker-Planck equation determined by 
the associated Kolmogorov operator, see e.g. [19]. But as shown in our earlier papers 
[6], [H], [9] one can describe very general conditions on F above for which one can solve 
the Fokker-Planck equation directly for Dirac initial conditions and thus to obtain the 
transition functions p Sjt , s < t, corresponding to (II. ip though one might not have a 
solution to it. 

The general motivation to study Fokker-Planck equations instead of Kolmogorov equa- 
tions, as done in some of our former papers (see e.g. [13], [H], [16], [17], [18] and the 
references therein) is that the latter are equations for functions, whereas the first are 
equations for measures for which one has e.g. much better compactness criteria in our 
infinite dimensional situation. So, there is a good chance to obtain very general existence 
results. Uniqueness, however, is considerably harder to prove and this is in the centre of 
considerations in this paper. 

Before we write down the Fokker-Planck equation precisely we recall that the Kol- 
mogorov operator L corresponding to (II. ip reads as follows: 

L u(t,x) = D t u(t,x) + i Tr [CD 2 x u{t,x)] 

+ (x,A*D x u(t,x)) + (F(t,x),D x u(t,x)), x G H, t G [0, T], (1.2) 

where D t denotes the derivative in time and D x , D 2 X denote the first and second order 
Frechet derivatives in space, i.e. in x G H, respectively. The operator L is defined on 



the space D(Lq) := ^([0,T] x H), the linear span of all real parts of functions u^h of 
the form 

U<f>>h (t,x) = <P(ty^\ t G [0,T], x G H, (1.3) 

where G C^fO,^), 0(T) = 0, h G C^flO, T]; D(A*)) and A* denotes the adjoint of A. 

For a fixed initial time s G [0,T] the Fokker-Planck equation is an equation for 
measures fi(dt,dx) on [s,T] x H of the type 

fi(dt,dx) = p,t(dx)dt, (1.4) 

with /!( G V(H) for all t G [s,T], and £ \-> p-t(A) measurable on [s,T] for all A G B(H), 
i.e., fi t (dx), t G [s, T], is a probability kernel from ([s,T], B([s,T]) to (H,B(H)). Then 
the equation for an initial condition ( G V(H) reads as follows: V u G D(L ) one has 

u(t,y)fi t (dy) = / n(s,y)C(rfy)+ / ds' / L u(s' ,y)fi s ,(dy), 

H JH Js Jh 

for dt-a..e. t G [s,T], (1.5) 

where the dt-zero set may depend on u. When writing fll.5p (or (jl.8p below) we always 
implicitly assume that 

(\(y,A*h(t))\ + \F(t,y)\)fi(dt,dy) < oc (1.6) 

[0,T]xi? 

for all h G C 1 ([0,T];D(A*)) with \F(t,y)\ := +oo if (t,y) <£ D(F), so that all involved 
integrals exist in the usual sense. 

Remark 1.1 (i) Considering D(L ) as test functions and dualizing it is easy to see that 
(11. 5p turns into the more familiar form of the Fokker-Planck equation 

d 

— [it = -L* fi t , Us = C (1-7) 

(ii) Setting t = T and recalling that u(T, ■) = for all u G D(L ) we see that (under 
assumption (jl.6p ) equation (jl.5p is obviously equivalent to 



I, 



L u(s', y)n(ds', dy) = - u(s, y)((dy), ViiG D(L ). 

Jh 



Solving (jl.5p (if this is possible) with ( = 5 X (:=Dirac measure in x G H) for x G H and 
s G [0, T) and expressing the dependence on x, s in the notation, we obtain probability 
measures p Stt (x,dy), t G [s,T], such that the measure p s>t (x,dy)dt on [s,T] x H is a. 
solution of (II. 5p . It was proved in detail in Section 3 of [5] that if we have uniqueness 
for (ll.5p and "sufficient continuity" of the functions t h- > p s>t (x,dy), then these measures 
satisfy the Chapman-Kolmogorov equations, i.e. for 0<r<s<t<T and x G H (or in 
a properly chosen subset thereof) 



H 



p St t(x', dy)p rtS (x, dx') = p r> t(x, dy), (1.9) 
where the left hand side is a measure defined for A G B(H) as 

%A(y)Ps,t( x ' > dy)p r ,s(x, dx'). 



HxH 



In all of this paper we shall concentrate on conditions on the coefficients A, C and F 
in (11. ip under which we can prove uniqueness, not caring about existence at all, since the 
last was studied in detail in [6], [8] and [9|. Unlike in the previous work we include both 
cases with Tr C = +oo and Tr C < +oo. 

The organization of the paper is as follows: 

In Section 2 we explain the general argument, namely that "the dense range condition" 
(cf. (12.11) below) implies uniqueness of solutions to (11.31) . 

In the subsequent sections we show how to check the "the dense range condition". 
To this end in Section 3 we recall some known regularity results for the time dependent 
Ornstein-Uhlenbeck operator on Hilbert spaces from [7j and some of its consequences to 
be used below. In Section 4 we show that "the dense range condition" holds and hence 
that (11.31) has at most one solution in the case C~ l G L(H). This can be done just 
under an L 2 -integrability condition on F. Section 5 is devoted to possibly degenerate 
cases where not necessarily C is invertible, including the deterministic case where C = 0. 
Section 6 contains applications. 

Finally, we would like to mention that even if (11. ip has a unique solution, it is not 
clear at all why the Fokker-Planck equation (11.51) has a unique solution. For instance, 
there could be solutions p St t(x, dy) to (11.51) for ( = 5 X for every x G H satisfying the 
Chapman-Kolmogorov equation (II. 9p . for which there exists no process with continuous 
or cadlag paths so that p s ,t{x, dy), x G H, s <t, are its transition probabilities. 



2 The general argument 

Fix ( G V(H), s G [0, T] and define M s ,c the set of all finite nonnegative measures 
jjL{dtdx) on [s,T] x H satisfying ([L4D, flT3]) and ffL6]) . 
Then we have the following general result: 

Theorem 2.1 Let JC C M. s ,c be a convex subset such that the following "dense range 
condition" is satisfied 

L (D(L )) is dense in L x {[0,T\ x H,fi), (2.1) 
for all \i G K,. Then K, contains at most one element. 
Proof. Let ^(dtdx) = fif\dx)dt G /C, % = 1,2. Then 

fi t (dx)dt := - n [ t\dx)dt + - nf\dx)dt G /C (2.2) 

and any fi(dtdx) := {i t (dx)dt-zero set is a ^(dtdx) = [if\dx)dt-zero set for both i — 1,2. 
Hence for i = 1, 2 by the Radon-Nikodym theorem there exist B([s, T] x immeasurable 
functions pi\ [s,T] x H — )• [0, oo) such that 

fif\dx)dt := p®(t,x)/i t (dx)dt (2.3) 

and it is easy to check from (12.21) that < 2. Furthermore, by Remark ll.l( ii) for all 
u G D(L ) 

Lu(t,x)pi\dx)dt = / / Lu(t,x)p[ 2 \dx)dt, 



H J s J H 



hence by (Q 

J J Lu(t,x)(p (1 \t,x) - p (2) (t,x))p t (dx)dt = 0, VueD(L ). 

Since \i satisfies (12.11) and p^ — p^ is bounded, it follows that — p^ = 0, i.e. 
/i« =/i( 2 ). □ 

As we shall see in Sections 4 and 5 , sets as /C arise very explicitly in the applications 
and are described by simple and natural integrability conditions. 

Remark 2.2 Since we are in a parabolic situation Condition (12. ip holds, if it holds with 
A — L replacing L for some A G K. 

3 Regularity results for time dependent Ornstein— 
Uhlenbeck operators 

We need the following assumption on the coefficients A and C in (11.11) . (11.21) . 
Hypothesis 3.1 

(i) There is u G R such that (Ax,x) < u\x\ 2 , V x G D(A). 

(ii) C G L(H) is symmetric, nonnegative and such that the linear operator 

Qt := t e sA Ce sA *ds 
Jo 

is of trace class for all t > 0. 

(hi) One has e tA (H) C Q] ,2 {H) for allt>0 and there is A t G L(H) such that Ql /2 A t = 
e and 

r+oo 

7A := / e- xt \\A t \\dt < +oo, 
J o 

where || • || denotes the operator norm in L(H). 
By R t we denote the Ornstein-Uhlenbeck semigroup 

Rt<p(x) := / ^{e tA x + y)N Qt {dy), up G C U , 2 (H), 

JH 

where 

Q t x := f e sA Ce sA *xds, x G H, t > 0, 
Jo 

and NQ t is the Gaussian measure in H with mean and covariance operator Q t . 

We shall consider R t acting in the Banach space C U ,2{H), which consists of all functions 
if : H — > M. such that the function x h-> 1 ^| 2 is uniformly continuous and bounded. Let 
us dehne the infinitesimal generator U of R t through its resolvent by setting, following 

m,U:=X- G x '\ D{U) = G X (C U , 2 (H)), where 

r+oo 

Gxf(x) = / e- xt RJ(x)dt 1 x G H, A > 0, / G C w , 2 (#). 



It is easy to see that for any h G D(A*) the function (ph(x) = e % ^ x,K) belongs to the domain 
of U in C U)2 (H) and we have 

U<p h = l - Tr [CD\ h ] + (x,A*Dip h ). (3.1) 
As a consequence of Hypothesis 13.11 one gets (see [H Lemma A.l]) 

Lemma 3.2 Let Hypothesis \3.1\ hold and let (f G D(U). Then there exists c > such 
that 

\DMx)\ < c(\\ip\\ CuMH) + \\U<f\\ CuMH) )(l + |x| 2 ), x G H. 

Now let us turn to the time-inhomogeneous case. Let 

V u(t, x) = D t u(t, x) + Uu(t, x), u G S A ([0, T] x H). 

It is clear that V u G C([0, T]; C u p{H)) (note that Uu(t,x) contains a term growing as 
|x|). Let us introduce an extension of the operator Vq. For A G R set 

G\f(t, x) = ^ e~ x ^R t ^ s f(s, x)ds, f G C([0, T]; C U>2 (H)). 

It is easy to see that G\ satisfies the resolvent identity, so that there exists a unique linear 
closed operator V in C([0, T]; C U ^{H)) such that 

G\={\ — V)~\ D(V) = G x (C([0, T}; C Ui2 (H))), A G R. (3.2) 

It is clear that V is an extension of Vq. 

Finally, it is easy to check that the semigroup 7Z T , r > 0, generated by the operator 
V in the space C T ([0,T};C Ui2 (H)) := {u G C T ([0, T]; C„, 2 (#)) : m(T,x) = 0} is given by 

Arguing as in [25] one can show that u G i^(V) and = / if and only if 



(i) lim-3- (TZ h u(t,x)-u(t,x)) = f{t,x), V (t, x) G [0, T] x if, 



1 + I.T 



2\-l 



(3.4) 



ii) sup \lZh u (t, x) —u(t,x)\ < +oo. 



he{o,i],(t,x)e[o,T]xH h 



We state now that ^([0, T] x if) is a core for V. 

The following results are generalization of those in [18] and were proven in [7J Propo- 
sition A. 2, Corollary A3]. 

Proposition 3.3 Let Hypothesis \3.1\ hold and letu G D(V). Let v be a finite nonnegative 
Borel measure on [0,t] x if. Then there exists a sequence (u n ) C £^([0, T] x H) such that 
for some c\ > one has 

\u n (t,x)\ + \V u n (t,x)\ < Cl (l + |x| 2 ), V (fx) G [0,T] x if 

and u n — > u, VoU n — > VqU in measure v. 



Corollary 3.4 Let Hypothesis lff.il hold. Let u £ -D(V) and Zei v be a finite nonnegative 
Borel measure on [0, T] x iJ. TTien t/iere exzsfo a sequence (u n ) C £^([0,7] x H) such 
that for some c > one /ias 

\u n (t,x)\ + |D x u n (t,a;)| + |K,u„(t,x)| < c(l + |a;| 2 ), V (t, x) £ [0,T] x H, 

and u n —> u, D x u n — > D x u, Vou n — > Vu in measure v. 

We need the following 

Hypothesis 3.5 F: [0,T] x H H is continuous together with D x F(t, •) : H — > L(H) 
for all t £ [0, T]. Moreover, there exists K > such that 

\F(t,x)-F(t,y)\<K\x-y\, x,y £ H, te[0,T\. 

Let C U (H, H) denote the set of all bounded uniformly continuous maps from H to H 
and C^(H) the set of all functions from H to K which together with their first derivatives 
are bounded and uniformly continuous. 

Then we have the following result from [7J Lemma 2.5]. 

Proposition 3.6 Assume that Hypotheses DO and [23 hold. Let f £ C([0, T];Cl(H)) 
and A £ R. Then there exists u £ D(V) such that 

(i) D x ueC([0,T];C u (H,H)), 

(ii ) \ u -Vu-(F,D x u) = f, 
(in) NU<i H/IU, if A > 0. 

4 The fully non-degenerate case 

In this section we shall consider the case where C" 1 £ L(H). Fix £ £ V(H), s £ [0, T] 
and let -M S) f be defined as at the beginning of Section 2. The main result of this section 
is the following. 

Theorem 4.1 Assume that Hypothesis \3. 1\ holds and that 

C- 1 £ L(H). (4.1) 

Define 

K, := j/x £ M s , c - £ J (M 4 + \F(t,x)\ 2 + \x\ 4 \F(t,x)\ 2 )fi t (dx)dt < oo 

(where again we set \F(t,x)\ = +oo «/ (t, x) E [0,T] x H \ D(F)). Then /C contains at 
most one element. 

To prove Theorem 14.11 by Theorem 12. II we need to check that fl2.ll) holds for all \i £ K. In 
fact we shall prove (12. ip for an even larger class of measures /C A to be introduced below. 
We need some preparations. First for A £ [0, oo) we introduce the set of measures 
defined to be all finite nonnegative measures v on £>([0,T] x H) satisfying (11.41) and (11.61) 
such that 

/ / L u(t,x)v t (dx)dt < 2A f [ u(t,x)v t (dx)dt, V u £ D(L ), u > 0. (4.2) 

Js JH Js JH 



Remark 4.2 By Remark ll.lf ii) we have that M. s ,c C A4 X for every C, G V{H) and all 
A > 0. Furthermore, we note that the set K, defined in Theorem 14. II is convex. For a large 
class of examples where K, is nonempty and thus consists of exactly one element we refer 
to Section 6. 



Lemma 4.3 Let A > and v G M. x such that 

•T 



[ [ \F(t,x)\ 2 u t (dx)dt < oo. (4.3) 

Js JH 



Then 



/ u(t,x) L u(t,x)v t (dx)dt < A / / u(t,x) 2 u t (dx)dt 

s JH Js JH 



(4.4) 



~\ J J \VC D x u(t,x)\ 2 vt(dx)dt, yuED(Lo). 

In particular, (L , D(L )) is quasi- dissipative, hence closable in L 2 ([0,T] x H; v). 

Proof. For all u G D(Lq) we have 

L u 2 = 2uL u + \VC D x u\ 2 , (4.5) 

which implies (14 .4p by the definition of Aig. The proof of the last part of the assertion is 
standard. □ 

For v G M x s satisfying (T4~3]) . we denote the closure of (L , D(L )) on L 2 ([0, T] x H; v) 
by (L U ,D(L U )). For A > define 



EM X S : J {\x\ A + \F{t,x)\ 2 + \x\ i \F{t,x)\ 2 )v t {dx)dt<oo^. (4.6) 

Clearly, /C C /C A . Our aim is to prove that (12. ip holds for all v G /C A . 

Remark 4.4 Once (12. ip is proved for all v G /C A , it follows that (L U ,D(L U )) is m- 
dissipative on L 2 ([0,T] x H;u), hence by the Lumer-Phillips Theorem it generates a 
Co-semigroup on L 2 ([0,T] x H;v). However, we shall not use this fact below. 

Lemma 4.5 Assume that Hypothesis \ 3.1\ holds. Let A > and v G /C A and let a map 
Fq: [0, T] x H — > H satisfy Hypothesis \3.5l Let f G C^(H) and let uq be as in Proposi- 
tion \3.3\ applied with F replacing F, i.e. u G D(V), ||wo||oo < t ||/||oo an d 

\u - Vu - (F , D x u ) = f. 

Then: 

(i) u G D(L U ) and 

\u - L v u = f+(F -F, D x u ), (4.7) 
as elements in L 2 ([0,T] x H;u). 

(ii) Suppose that (14.11) holds. Then 
\D x u(t, x)\ 2 i , t (dx)dt 



H 

T 



<\\\C~ l \\\\n\lHT-s) + ^^ J ^\F (t,x)-F(t,x)\ 2 v t (dx)dt). 



Proof. By Corollary 13.41 there exists u n G D(Lq), fiGN such that 

u n u , D x u n ->■ D x u , V u n ->■ Vu 

as n — > oo in //-measure and there exists c G (0, oo) such that for all (t, x) G [0, T] x H 

\u n (t,x)\ + |^n(^)| + \D x u n (t,x)\ < c(l + |x| 2 ). 

Hence L u n — >■ V^uq + {F, D x uq) as n — > oo in ^-measure and 

\L u n \ <c(l + |F(i,x)|)(l + |a;| 2 ). 

Hence by assumption on u, Lebesgue's dominated convergence theorem implies that 

LqUu — > Vuq + (F, D x uq) as n — > oo in L 2 ([0, T] x FL\v). 

Since (L v , D(L U )) is the closure of (L°, D(L )), assertion (i) follows. 

To prove (ii) we first note that by the above approximation and the assumptions on u, 
(I4.4p also holds for uq. Hence multiplying ( 14. 7p by u and integrating with respect to u, 
by the assumption on v this implies 



T r rT 

2 



l - J J JVC D x u (t,x)\ 2 u t (dx)dt< J JJf(t,x)\\u (t,x)\u t (dx)dt 

+ / / \F (t, x) — F(t, x)\ \D x u (t, x)\ \u Q (t, x)\u t (dx)dt. 

Js JH 

Since ||ito||oo < t ll/lloo, this implies assertion (ii). □ 

By Remark 14.21 and Theorem 12.11 the following result implies Theorem 14.11 

Proposition 4.6 Let Hypothesis \3.1\ and assumption (14. ip hold. Let A > and v G /C A . 
Then 

L (D(L )) is dense in Z^flO.T] x H,u), (4.8) 
Proof. There exist F n : [0,T] x H, n G N, satisfying Hypothesis 13.51 such that 



n— >oo 



lim / |F„ - F|^z/ = 0. (4.9) 

'[s,T]xH 



Let / G C^(H) and w n as in Proposition 13.31 applied with F n replacing F, i.e. u n G -D(V), 
\\ U n\\ < i ll/lloo 

and 

Aw n - Viin - (F n , D x u n ) = f. 

Then by Lemma 14. 5( i) 

A"U n - L'u™ = / + (F n - F, D x u n ) (4.10) 
and by Lemma [4.5( h) and (14. 9 p 

sup / / \D x u n (t, x)\ 2 is t (dx)dt < oo. (4-11) 



n€NJ s JH 



gSD - gHD imply that / is the closure of (A - L )(D(L )) in L l ([tt,T] x H,u). Since 
C^-H") is dense in ^([O.T] X H,v), g^D now follows from Remark IO □ 



5 Possibly degenerate cases 

In case C is not invertible and the noise is allowed to be very degenerate (including the 
deterministic C — 0), more restrictive conditions on F are needed to prove uniqueness of 
solutions to ( II. 5p . Just for comparison with the results in the non degenerate case of the 
previous section we here recall the results from [7] which have no conditions on the noise 
and in particular include the case C = 0. 

Hypothesis 5.1 For each t G [0,T] ; F(t,-) is the minimal section of an m-dissipative 
graph 

F(t,-): D(F(t, -))cff-> 2 H , te[0,T], 

i.e. for all t G [0,T], D(F(t,-)) G B(H) and there exists K > independent oft such 
that 

(u - v,x - y) < K\x - y\ 2 , V x,y G D(F(t, •)), u G F(t,x), v G F(t,y), 
and for every A > K one has 

Range (A — F(t, •)) := (J (Xx - F(t, x)) = H, 

xeD(F(t,-)) 

such that for all t G [0,T], D(F(t, •)) = D(F(t, •)) and for all x G D(F(t, ■)), F(t,x) G 
F(t,x) and \F(t,x)\ = min^^ s \y\. Furthermore, G D(F(t, •)) and F(t, 0) = /or a// 

te [o,T]. 

For s G [0,T], A > let Aig be as defined at the beginning of the previous section. 
Then the following result is proved in [TJ Theorem 3.3]. 

Theorem 5.2 Assume that Hypotheses \3.1\ and 15.11 hold and let s G [0,T], A > 0, 
y y (l x ! 2 + I^C*^)! + \x\ 2 \F(t,x)\)u t (dx)dt < oo. 

T/ien 

L (D(L )) is dense in L\[0,T} x (5.1) 

Corollary 5.3 Assume Hypotheses \3J\ and \5J\ Let s G [0,T], ( G P(iJ) and M SiC &e 
defined as at the beginning of Section 2. Define 

K x := |//GM SjC : y y (|x| 2 + + |x| 2 |F(t, x)])^^)^ < ooj (5.2) 

T/ien /Ci contains at most one element. 

Proof. Since /Q is convex the assertion follows immediately from Theorems 15.21 and 12.11 
□ 

Remark 5.4 We note that once one assumes F to satisfy Hypothesis 15 . 1 1 one can prove 
uniqueness in K,\ which is a larger set than /C in Theorem I4.1| because of the weaker 
integrability condition. For large classes of examples where /Ci is non empty we refer to 
|B], and |S]. 



6 Applications 



Let H = L 2 (0,1) := L 2 ((0, 1), df) (with | • | := | • | L 2 (0 ,i)) and let A: D(A) C H ^ H be 
denned by 

Ax(0 = «9fx(0, £ e (0, 1), D(A) = H 2 (0, 1) n H*(0, 1), 
where = |, df = 

We would like to mention here that what is done below generalizes to the case where 
(0, 1) is replaced by an open set O in M. d , d > 1. One has only to replace the operator C 
below by A~ 5 with properly chosen 5 > 0, depending on the dimension d. 

Let D(F) : = [0,T] x L 2m (0, 1) and for G D(F) 

: = /(e, t, x(0) + *, *(0)> e e (0, 1). 

Here /, fa: (0, 1) x [0, T] x R — y R are functions such that for every £ G (0, 1) the maps 
/(£, •, •), •, •) are continuous on (0,T) x R and have the following properties: 



(fl) ("polynomial bound"). There exist m G N and a nonnegative function ci G L 2 (0, T) 
such that for all t G (0, T), z G R, £ G (0, 1) one has 

<cx(f)(l + M m ), 

also assuming without loss of generality that m is odd. 

(f2) ( "quasi-dissipativity" ) . There is a nonnegative function c 2 G L 1 (0,T) such that for 
all t G [0, T], zi, z 2 G R, £ G (0, 1) one has 

(/(£ , t, Z 2 ) - /(£, t, Z1 ))(Z2 - Zl ) < c 2 {t)\z 2 - Zl \ 2 . 



(hi) ("linear growth"). There exists a nonnegative function C3 G L 2 (0, T) such that for 
all t G [0,T], z G R, £ G (0, 1), one has 

\KU,z)\ <c 3 (t)(l + \z\). 



Finally, let C G L(H) be symmetric, nonnegative and such that C^ 1 G L(H). 

It is worth noting that it is not known whether under these assumptions the stochastic 
differential equation f ll.lD has a solution. 

Set 

f 2(d(t) + cs(t) + l)(l + |a;|& W( o,i)) if (*, x) G [0, T] x L 2 ^(0, 1), 



-00 otherwise. 
Observe, that by (fl) and (hi) one has 

\F(t,x)\ < V m (t,x) < 00 V (t, x) G D(F). (6.2) 
Let N > m. It was proved in [91 Section 4] that for every £ G V(H) such that 

|x| 2 ^v (0jl) C(^) < +00 (6.3) 



(in particular for any Dirac measure with mass in L 2N (0, 1)) there exists a solution 
/j,(dtdx) = Ht(dx)dt to (11.51) satisfying (jl.4p . (11.60 and in addition having the following 
properties 

sup / \x\ 2 L 2 {0il) /J t (dx) < oo, (6.4) 



t / u(t, x)fit(dx) is continuous Vw 6 D(Lq), (6.5) 
iff 



3C>0: / / (V£(r,a:) + |(-A) d a;|2,2 (0il) )//r(da;)dr 



1 I) 



< c i [ V£(r,x)((dx)dr < oo, V5e(J, 

is iff 

Since by (16.20 for iV := m + 2 and some constant Ci > we have 

ll 2 (o,i) + l-^X*' x )li 2 (o,i) + l x li 2 (o,i) x )li 2 (o,i) 

|^| Z,2JV(- 01 ) + Vm(t,x) + |^lx,2JV( ,i) 

<«,l), 



< 



it follows that, if 



/ \ X \^2(m+2)^ ^C(dx) < OO, 

J H 



(6.6) 



then the corresponding solution /i(dtdx) = /i t (dx)dt to (11.50 is in the set /C defined in 
Theorem 14. II which in turn implies that it is the unique solution to (11.50 with A,C,F as 
above such that 

pT r 

(|x| 4 + \F(t,x)\ 2 + \x\ 4 \F(t,x)\ 2 )fi t (dx)dt < oo. 



H 
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